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We investigate the switching of the coherent emission mode of a bimodal microcavity device,
occurring when the pump power is varied. We compare experimental data to theoretical results
and identify the underlying mechanism to be based on the competition between the effective gain
on the one hand and the intermode kinetics on the other. When the pumping is ramped up, above
a threshold the mode with the largest effective gain starts to emit coherent light, corresponding
to lasing. In contrast, in the limit of strong pumping it is the intermode kinetics that determines
which mode acquires a large occupation and shows coherent emission. We point out that this latter
mechanism is akin to the equilibrium Bose-Einstein condensation of massive bosons. Thus, the
mode switching in our microcavity device can be viewed as a minimal instance of Bose-Einstein
condensation of photons. We, moreover, show that the switching from one cavity mode to the other
occurs always via an intermediate phase where both modes are emitting coherent light and that it is
associated with both superthermal intensity fluctuations and strong anticorrelations between both
modes.
I. INTRODUCTION
The development of optical cavities [1–4] has led to
(laser-)devices with an almost vanishing lasing threshold
[5, 6]. Bimodal (micro)lasers have been realized in vari-
ous types of systems, such as ring lasers [7, 8], vertical-
cavity surface-emitting lasers [9], its quantum-dot mi-
cropillar variant [10, 11], and 2D photonic crystal cavity
lasers [12]. In these systems, the switching of the mode
showing coherent emission [9, 13–18] has gathered sub-
stantial interest due to potential technical applications
as optical flip-flop memories, tunable sensitive switches
[19, 20] and as a simple realization of non-equilibrium
phase transitions [21, 22].
In this article, we study the switching of the coher-
ent emission mode in bimodal micropillar lasers occur-
ring when the pump power is ramped up. By compar-
ing experimental data to theoretical results based on a
phenomenological model, we identify the basic mecha-
nism underlying the mode switching to be the compe-
tition between effective gain on the one hand and the
intermode kinetics on the other. Namely, the mechanism
that selects which of the modes shows coherent emission
is found to be fundamentally different for weak pump-
ing (just above the threshold) and in the limit of strong
pumping. For weak pumping, the selected mode (i.e. the
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mode selected for coherent emission) is characterized by
the largest effective gain and coherent emission corre-
sponds to lasing. In contrast, for strong pumping, the
selected mode depends neither on the coupling to the gain
medium nor on the loss rates of both modes. Instead it
is determined completely by the intermode kinetics, i.e.
by processes that transfer photons from one mode to the
other. We show that this mechanism is formally identical
to the one leading to Bose-Einstein condensation of an
ideal gas of massive bosons (i.e. with a conserved particle
number) in contact with a thermal bath. Therefore, the
mode switching in our system can be viewed as a minimal
instance of Bose-Einstein condensation of photons.
The question, whether a system of photons (or bosonic
quasiparticles) with non-conserved particle number can
undergo Bose-Einstein condensation in a similar way as
a thermal gas of massive bosons has raised considerable
interest in the last decade. Here the problem to be over-
come is to achieve a quasi-equilibrium situation, where
a single mode acquires a macroscopic occupation via a
thermalizing kinetics, despite the non-equilibrium nature
of the system resulting from particle loss to be balanced
by pumping. Beautiful experiments, showing that such
a situation can indeed be achieved, have been conducted
in systems of exciton-polaritons [23–29] magnons [30–33],
and photons in dye-filled cavities [34]. While the micro-
cavity device investigated in this article is simpler than
these systems, in the sense that it is described in terms
of two relevant modes only, it captures one of the most
important aspects of photon condensation in a minimal
fashion, namely that the condensate mode is selected not
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FIG. 1. Illustration of the relevant processes in our bimodal
system. The intermode kinetics between the modes h and l is
determined by the rates Ri→j . The modes lose their photons
with rates `i. This loss is compensated by new excitation
from the quantum dots (QDs) with gain rates gi. The quan-
tum dots are pumped with rate P and lose their excitations
spontaneously with rate τ−1.
by pumping but rather by the kinetics of the photons.
The starting point of our theoretical decription of a
bimodal micropillar is a generic phenomenological mas-
ter equation describing the relevant processes of the sys-
tem [10, 35]: the coupling between the pumped medium
and the cavity modes, loss, and the intermode kinetics
(Fig. 1). Such birth-death models have also been used
to study (analogs of Bose-Einstein condensation in) pop-
ulation dynamics [36, 37], transport [38, 39], and net-
works [40] as well as quantum gases of massive bosons
[41, 42]. This approach, which is different from the mi-
croscopic modeling pursued in former studies of bimodal
(micro) lasers [8, 10, 19, 43–47] and interacting exciton-
polariton systems, e.g., Refs. [48–50], provides excellent
agreement with the experimental data (Fig. 2). In or-
der to treat these equations analytically, we work out an
approximation scheme that combines the theory of Bose
selection, which was recently developed to describe (non-
equilibrium) Bose condensation of ideal gases of massive
bosons with conserved particle number [41], with par-
ticle loss and the coupling to a pumped reservoir (gain
medium). We justify this approximation by exact numer-
ical simulations. Somewhat counter-intuitively, our the-
ory shows that it is the limit of strong pumping, where
the selected mode is determined by the intermode ki-
netics, which is described by terms that are formally
identical to those appearing in the description of mas-
sive bosons and their equilibrium condensation. We also
find that the mode switching occurs via an intermedi-
ate phase where both modes are emitting coherently (see
phase diagram in Fig. 3 below).
We investigate also the statistical properties of our
system. In bimodal lasers, where one mode dominates
the emission for all pump rates, the non-lasing mode ex-
hibits usually super-thermal intensity fluctuations [7, 10]
and the emission of both modes is strongly anticorre-
lated [8, 46, 51–53]. In the situation where mode switch-
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FIG. 2. Measured and calculated microcavity input-output
characteristics (high-effective-gain mode in red, low-effective-
gain mode in gray). The injection current I is proportional to
the pump rate P . Here, circles (connected to guide the eye),
solid curves, and dashed curves refer to experimentally mea-
sured data, exact Monte-Carlo results, and asymptotic mean-
field theory, respectively. Panel (a) depicts the mean occupa-
tions of the modes and the number of excited carriers (light
green) in arbitrary units. The colored bars at the bottom
of this panel mark the phases determined by the asymptotic
theory (see Sec. IV C). Panel (b) shows the autocorrelation
g
(2)
ii for both modes in comparison with the value 2 expected
for thermal emission (dotted black line). Panel (c) depicts the
crosscorrelation g
(2)
hl in comparison to the value 1 for corre-
lated emission (dotted black line). For the theoretical curves,
we use s = 0, G = 0.77 as well as (in units of the spontaneous
loss rate τ−1) gh = 1.6 · 10−3, gl = 2.1 · 10−3, `h = 2.2 · 10−2,
`l = 3.8 · 10−2, Rl→h = 1.7 · 10−4, Ah→l = 8.5 · 10−6 (see
App. A).
ing occurs, we find that the super-thermal intensity
fluctuations of the non-selected mode and strong anti-
correlations occur whenever a mode starts or ceases to
be selected. We show that these experimentally observed
statistical properties can be described theoretically by an
effective reduction of the spontaneous inter-mode transi-
tions caused by mode interactions.
This paper is organized as follows. In Sec. II the exper-
imental setup is presented. The theoretical description
in terms of a master equation is introduced in Sec. III.
An analytical theory of the mode switching and its rela-
tion to Bose-Einstein condensation is then worked out in
3Sec. IV. Finally, in Sec. V, we investigate the statistical
properties of the system, before coming to the conclu-
sions in Sec. VI.
II. EXPERIMENT
Electrically-pumped quantum-dot micropillars are fab-
ricated by etching of a planar AlAs/GaAs distributed
Bragg reflector λ-cavity in which a single active layer of
self-assembled In0.3Ga0.7As quantum dots is embedded
centrally [54]. A detailed description can be found in
Ref. [55]. The micropillar used in this study has a diame-
ter of 3.0 µm. Due to the strong confinement of light, the
micropillars exhibit a spectrum of discrete modes. The
fundamental modes HE1,1 are composed of two orthogo-
nally linearly polarized components, which are ideally en-
ergetically degenerate. In reality, however, asymmetries
in the manufacturing process, which results in slightly el-
liptical structures, lift the energetical degeneracy of the
fundamental modes [1, 56]. The resulting mode splitting
of the micropillar used in this study is (42± 2) µeV . Be-
sides a finite mode splitting the two fundamental modes
also exhibit slightly different quality factors, 14000±1500
and 12500±1500, respectively. The different spectral and
local overlaps of the modes with the gain medium and the
modes polarization alters their coupling to the quantum
dot emitters. As a consequence, the former mode (mode
h) is characterized by a higher effective gain [i.e. gain-
loss ratio, see Eq. (4) below] than the latter one, which
has a lower effective gain (mode l).
A high-resolution (25 µeV ) micro-electroluminescence
setup is used to characterize the micropillars spectrally
at cryogenic temperatures of 15K. A linear polarizer
as well as a λ/4-plate in front of the monochromator
enables polarization-resolved spectroscopy. For statisti-
cal analysis via the autocorrelation function g
(2)
ii (τ = 0)
with zero delay time of the emission a fiber-coupled Han-
bury Brown and Twiss setup is used. The temporal res-
olution of the Hanbury Brown and Twiss configuration
based on fast Si avalanche photon diodes is τres = 40 ps.
For measuring the equal-time crosscorrelation function
g
(2)
hl (τ = 0) between the orthogonally polarized micropil-
lar modes the emission is selected by a polarization main-
taining 50/50 beamsplitter and the split beam is directed
to a second identical spectrometer - with the polarizer in
front of the second monochromator oriented orthogonally
to the first. These equal-time correlations are defined by
g
(2)
ij (τ = 0) =
〈bˆ†i bˆ†j bˆibˆj〉
〈bˆ†i bˆi〉〈bˆ†j bˆj〉
≡ g(2)ij , (1)
where bˆi is the bosonic annihilator operator of mode
i. The emission characteristics of the CW-pumped mi-
cropillar are shown in Fig. 2. In (a) the output char-
acteristics of modes h (red) and l (gray) are shown as a
function of the injection current I (quantifying the pump-
ing strength). Up to about 13 µA (phase A) both modes
are below threshold and show a small increase in out-
put emission only. Between 13 µA and 36 µA (phase B)
the mode h is selected and its emission increases strongly
while that of mode l remains small. Between 36 µA and
50 µA (phase C) both modes are selected, but while the
emission intensity of mode l increases that of mode h
decreases. Beyond 50 µA (phase D) only mode l is se-
lected. In Fig. 2 (b) and (c) the zero-delay autocorre-
lation g
(2)
ii and crosscorrelation g
(2)
hl functions are plot-
ted. Note that, due to finite temporal resolution of the
avalanche photodiode detectors and the low coherence
time of the modes, we could not properly resolve g
(2)
ii
experimentally for values above 1 in phase A and B [57].
III. MASTER EQUATION
Our starting point for the theoretical description of
the system is a phenomenological master equation for
the probabilities ρnN to find the system in a state with N
excited emitters and photon numbers n = (nh, nl) in the
high- and the low-effective-gain mode. It takes the form
d
dt
ρnN = Claser(ρ) + Ckin(ρ) (2)
and shall be solved for the steady-state state obeying
d
dt
ρnN = 0.
The first term on the right hand side of the master
equation (2) describes how photons leave and enter the
cavity modes via loss and coupling to the emitters. It is
given by
Claser(ρ) =P
[
ρnN−1 − ρnN
]− τ−1[NρnN − (N + 1)ρnN+1]
−
∑
i
gi[N(ni + 1)ρ
n
N − (N + 1)niρn−eiN+1 ]
−
∑
i
`i[niρ
n
N − (ni + 1)ρn+eiN ], (3)
where P and τ−1 denote the pump and the loss rate of
the emitters, respectively, gi quantifies the gain of cavity
mode i from the emitters, and `i is the loss rate of cavity
mode i. An additional or removed photon in mode i is
denoted by ±ei, [i.e., eh = (1, 0), el = (0, 1)]. The modes
h and l are defined by the higher and lower effective gain
gi/li, respectively, so that we obtain an effective-gain ra-
tio
G ≡ gl/`l
gh/`h
< 1. (4)
The terms contained in Claser(ρ) are sufficient for a the-
oretical description of single-mode lasing in mode h [35].
The second term of the master equation (2) captures
the intermode kinetics and reads
Ckin(ρ) =−
∑
i,j
Ri→j
[
ni(nj + s)ρ
n
N
− (ni + 1)(nj − 1 + s)ρn+ei−ejN
]
. (5)
4It is characterized by the rates Ri→j for a transition from
mode i to mode j. The rate asymmetry of the direct
intermode transitions
Ai→j = Ri→j −Rj→i (6)
is generally nonzero. The origin of this rate asymme-
try was attributed to stimulated scattering due to carrier
population oscillations, e.g., in coupled photonic crystal
nanolasers [18]. Furthermore asymmetric backscattering
of electromagnetic waves was observed in optical micro-
cavities [58–60]. In our system the rate asymmetry Ah→l
is positive,
Ah→l > 0, (7)
so that the low-effective-gain mode l is favored by the
intermode kinetics. The parameter s in Eq. (5) quan-
tifies the ratio between spontaneous and induced inter-
mode transitions. Its natural value is s = 1. However, a
reduction of s to values s < 1 is a simple way to effec-
tively capture inter-mode interactions that lead to a rel-
ative enhancement of transitions into strongly occupied
modes. We will show below that, while s has (practi-
cally) no impact on the phase transition and the mean
occupation(s) of the selected mode(s), it does affect the
occupation of the non-selected mode. Only for s < 1,
the master equation can describe the experimentally ob-
served super-thermal fluctuations g
(2)
il > 2 of the non-
selected mode. The numerical data shown in Figs. 2, 4,
and 5 are obtained for s = 0.
The form of the term Ckin(ρ) capturing the intermode
kinetics is identical to that of the master equation for
an ideal gas of massive bosons in contact with an en-
vironment [41]. If such a system of massive bosons is
coupled to a thermal environment characterized by the
temperature T , the intermode rates obey Rj→i/Ri→j =
exp[−∆ij/(kBT )] with Boltzmann constant kB and en-
ergy splitting ∆ij = Ei − Ej between modes (single-
particle states) with energy Ei. In the quantum degen-
erate regime of low temperature or high boson density,
the system will form a Bose-Einstein condensate in the
single-particle state of lowest energy. When increasing
the total number of bosons NB in this regime, the occu-
pation of an excited mode i approaches the finite value
〈nˆi〉 = (eEi/kBT − 1)−1, while the ground-state occupa-
tion increases linearly with NB . Even for a finite number
of discrete energy levels i, in the limit NB → ∞ this
behavior clearly describes Bose-Einstein condensation as
the macroscopic occupation of one single-particle state
(see e.g. Ref. [42]).
The most intriguing result of this paper, shown below,
is that the behavior of the bimodal system in the limit
of strong pumping strength P closely resembles that of a
Bose-Einstein condensed gas of massive bosons in equi-
librium. Remarkably here the selected mode does not
depend on the effective gain, but is determined exclu-
sively by the intermode transitions Ri→j . This countner
intuitive result is related to the fact that the intermode
kinetics scales quadratically, but gain and loss only lin-
early with the mode occupations.
It is instructive to define the dimensionless parameter
ε,
Rl→h
Rh→l
≡ exp(−ε), (8)
which can be interpreted as the ratio ε = ∆effhl /(kBTeff)
of an effective energy splitting ∆effhl between both modes
and an effective temperature Teff. In the limit of strong
pumping, the intermode kinetics makes the photons con-
dense into the mode corresponding to the lower effec-
tive energy. That is for ε > 0 or Ah→l > 0 (ε < 0
or Ah→l < 0) a Bose-Einstein condensate of photons is
formed in mode l (mode h). In contrast, it is always
the mode h, characterized by the higher effective gain,
that starts lasing when the pump power P is ramped up.
Thus, a rate asymmetry Ah→l > 0 implies a switching
from lasing in mode h to condensation in mode l, when
the pump power is ramped up. In the following section,
we derive an analytical theory, which describes this effect
and establishes the analogy to equilibrium Bose-Einstein
condensation for strong pumping.
IV. KINETIC THEORY
A. Mean-field approximation
In order to obtain a closed set of kinetic equations for
the mean mode occupations 〈nˆi〉 =
∑
n,N ρ
n
Nni and the
mean number of excited emitters 〈Nˆ〉 = ∑n,N ρnNN , we
perform the mean-field approximation
〈nˆinˆj〉 ≈ 〈nˆi〉〈nˆj〉 and 〈Nˆ nˆi〉 ≈ 〈Nˆ〉〈nˆi〉. (9)
This approximation, which ignores non-trivial two-
particle correlations, is later justified by comparing it to
exact solutions of the full master equation (2) obtained
from Monte-Carlo simulations (see Fig. 2). Employing
it, we derive kinetic equations of motion for the mean
occupations:
d
dt
〈nˆi〉 =
∑
j
[
Rj→i〈nˆj〉(〈nˆi〉+ s)−Ri→j〈nˆi〉(〈nˆj〉+ s)
]
+ gi〈Nˆ〉
(〈nˆi〉+ 1)− `i〈nˆi〉, (10)
d
dt
〈Nˆ〉 =− 〈Nˆ〉
τ
+ P −
∑
i
gi〈Nˆ〉
(〈nˆi〉+ 1). (11)
B. Asymptotic theory
In a next step, for the sake of finding an analytical
expression for the mean occupation(s) of the selected
mode(s), in Eq. (10) we neglect spontaneous processes
relative to corresponding stimulated ones, (〈nˆi〉 + a) '
5〈nˆi〉 with a = 1, s. This approximation is valid asymptot-
ically in the limit of large occupations of the emitters and
the selected mode(s). Note, for high-β cavities, where al-
most the entire spontaneous emission goes into the cavity
modes, this assumption is plagued by the strong presence
of spontaneous emission at the first threshold. Still, this
assumption is valid in the coherent emission regime and,
in particular, when describing transitions, where the se-
lected modes change. Using the asymptotic approxima-
tion above, the stationary solution of Eq. (10) obeys
〈nˆi〉
[
gi〈Nˆ〉 − `i +
∑
j
Aj→i〈nˆj〉
]
= 0. (12)
This equation is solved by mean occupations that can
be divided into two classes. For the non-selected modes
i /∈ S, one finds the trivial solution 〈nˆi〉 = 0, whereas the
occupations of the selected modes i ∈ S obey a linear set
of equations:∑
j∈S
Aj→i〈nˆj〉 = `i − gi〈Nˆ〉, ∀i ∈ S. (13)
The occupation of the non-selected states, which vanishes
in leading order [Eq. (12)], can be computed in the next
order of our approximation. For this purpose, we take
into account those terms, which are linear in the number
of excited emitters 〈Nˆ〉 or the occupations 〈nˆi〉 of the
selected modes. We find:
〈nˆi〉 =
gi〈Nˆ〉+ s
∑
j∈S Rj→i〈nˆj〉
`i − gi〈Nˆ〉 −
∑
j∈S Aj→i〈nˆj〉
∀i /∈ S. (14)
The dependence of the number of excited emitters on the
pumping can be obtained by analogue reasoning,
〈Nˆ〉 = P
τ−1 +
∑
j∈S gj〈nˆj〉
. (15)
Following the strategy recently employed for massive
bosons [41], the set of selected modes S can now be deter-
mined by the physical requirement that all modes (both
selected and non-selected modes) must have positive oc-
cupations,
〈nˆi〉 ≥ 0 ∀i. (16)
For the non-selected modes this implies that the denom-
inator of Eq. (14) has to be positive. Thus, the set of
selected modes and their occupations are independent of
the parameter s since s occurs neither in Eq. (13) nor in
the denominator of Eq. (14).
C. Phase diagram of the bimodal microcavity
system
Based on the asymptotic theory, we can now compute
the non-equilibrium phase diagram. The concept of se-
lected modes, which appeared naturally in the asymp-
totic theory, clearly separates the parameter space into
FIG. 3. Phase diagram with phases (A) no selected mode,
(B) mode h is selected, (C) both modes are selected, and (D)
mode l is selected. Plotted versus the injection current I that
is proportional to pump rate P and the ratio of the effective
gain rates G = gl`h/gh`l with fixed gh`l/`h. Except for gl
all parameters are the same as in Fig. 2. The dashed line
indicates the value of gl used in Fig. 2. While for G < 1
all phases are present when increasing the pump rate P , for
G > 1 the mode l, that is favored by the direct mode cou-
pling becomes actually the high-effective-gain mode so that
no mode switching occurs.
different phases, where no, one, or both modes are se-
lected. A transition, where one of the non-selected modes
becomes selected and starts emitting coherent light, is in-
dicated by the divergence of its occupation described by
Eq. (14). In turn, a selected mode ceases to be selected
when its occupation, obtained by solving Eq. (13), drops
to zero. In this section we will use this argument to com-
pute the phase boundaries analytically. The resulting
phase diagram is depicted in Fig. 3.
In phase A, for small pumping power P , neither mode
is selected, S = {}. According to Eq. (14) the mode
occupations read
〈nˆi〉A ≈ 1
`i/(gi〈Nˆ〉)− 1
, (17)
and the number of excited emitters increases linearly with
the pump rate,
〈Nˆ〉A = τP. (18)
When the pumping is increased and reaches
PAB ≈ `h
ghτ
, (19)
the occupation of the high-effective-gain mode diverges
indicating the transition to a regime where this mode
is selected and starts emitting coherently (see Eq. (14)).
Since before the transition no mode is selected yet, this
asymptotic estimate for the critical pumping strength
cannot be expected to mark precisely the threshold in
the high-β limit. Note, however, that the estimates for
further thresholds at PBC and PCD are not plagued by
this problem, since they occur in the regime where at
least one mode is selected already.
6In phase B the high-effective-gain mode is selected,
S = {h}, and the number of excited emitters is clamped
at the threshold value [see Eq. (13) and Fig. 2 (a)]
〈Nˆ〉B = `h
gh
. (20)
The excitation provided by increasing the pumping is
directly transferred to the selected mode [61]. Conse-
quently, the occupation of the selected high-effective-gain
mode depends linearly on the pump rate [use Eq. (15)]
〈nˆh〉B = P
`h
− 1
τgh
. (21)
The occupation in the non-selected low-effective-gain
mode is given by [see Eq. (14)]
〈nˆl〉B = gl〈Nˆ〉B + sRh→l〈nˆh〉B
`l − gl〈Nˆ〉B −Ah→l〈nˆh〉B
. (22)
In a case where the mode-coupling rates would favor the
high-effective-gain mode (Ah→l < 0), Eq. (22) would be
valid for all pumping powers P > PAB . However, in
our case, where the mode-coupling rates favor the low-
effective-gain mode (Ah→l > 0), increasing the pump rate
(and with it also 〈nˆh〉B), eventually leads to the diver-
gence of the right-hand side of Eq. (22). This occurs at
the pump rate
PBC =
`h
gh
[
1
τ
+
1
Ah→l
(gh`l − gl`h)
]
(23)
and indicates the transition to phase C.
In phase C both modes are selected, S = {h, l}. The
number of excited emitters increases again linearly with
the pump rate P ,
〈Nˆ〉C = P
[
1
τ
+
1
Ah→l
(gh`l − gl`h)
]−1
. (24)
The occupations of the high- and low-effective-gain mode
de- and increase linearly with 〈Nˆ〉C , respectively,
〈nˆh〉C = −gl〈Nˆ〉C − `l
Ah→l
, (25)
〈nˆl〉C = gh〈Nˆ〉C − `h
Ah→l
. (26)
When the number of the emitters 〈Nˆ〉C reaches `l/gl, the
occupation 〈nˆh〉C becomes zero, indicating the transition
to the phase where this mode is no longer selected. The
threshold pump rate PCD can be obtained from Eq. (24)
analogously to the expression for PBC and reads
PCD =
PBC
G
. (27)
Thus the extent of phase C is determined by the inverse
effective gain ratio G [Eq. (4)].
In phase D, only mode l is selected, S = {l}. The num-
ber of excited emitters remains at the higher threshold
value
〈Nˆ〉D = `l
gl
, (28)
and the occupation of the selected mode l reads
〈nˆl〉D = P
`l
− 1
τgl
. (29)
The occupation of the non-selected mode h is given by
〈nˆh〉D = gh〈Nˆ〉D + sRl→h〈nˆl〉D
`h − gh〈Nˆ〉D +Ah→l〈nˆl〉D
. (30)
The crucial difference to Eq. (22) is that for Ah→l > 0
an increase of 〈nˆl〉D cannot produce a further root in the
denominator of Eq. (30). Thus no further transition will
occur [unless other parameters change as well when the
pump power is ramped up].
Figure 3 shows the phase diagram resulting from the
asymptotic theory with respect to the effective-gain ra-
tio G (varied by varying the gain rate gl) and the pump-
ing strength P (proportional to the injection current I).
While the precise shape of the phase boundaries depends
on the parameters (and which of them are varied in order
to modify the effective-gain ratio G), the topology of the
phase diagram is generic. For G < 1 (and Ah→l > 0),
the system always undergoes a sequence of three tran-
sitions between the phases A, B, C, D when the pump
rate is increased. For G > 1 (and Ah→l > 0), where the
mode labeled l actually becomes the high effective gain
mode, only a single transition from phase A to phase D
occurs. In summary, when the pump power P is ramped
up, the system starts lasing in the mode characterized by
the higher effective gain, whereas in the limit of strong
pumping the selected mode is the one favored by the in-
termode kinetics. Moreover, the switching from selection
of mode h to selection of mode l has to occur via an in-
termediate phase, where both modes are selected (unless
the system is fine-tuned to G = 1).
The data plotted in Fig. 2 corresponds to a cut through
this phase diagram following the dashed horizontal line
in Fig. 3. The different phases obtained from the asymp-
totic theory are indicated by the colors at the bottom
of panel (a). In Fig. 2(a), we can clearly see that the
mean occupations obtained from the asymptotic theory
(dashed lines) nicely reproduce the exact solution (solid
line) of the master equation (2), which was obtained by
Monte-Carlo simulations (for a detailed description of
the method see Ref. [42]). This agreement justifies both
the mean-field approximation and the asymptotic theory.
More importantly, the theoretical curves also describe
the experimental data (circles in Fig. 2) very well. In
appendix A we explain how the parameters of our model
are determined.
7D. Relation to Bose-Einstein condensation
We have seen that in the limit of strong pumping
strength P the selected mode is determined exclusively
by the intermode kinetics, which is described by the rates
Ri→j . It is remarkable that in this limit neither the loss
rates of the modes `i nor their coupling gi to the emit-
ters influences the selection of the mode. This counter-
intuitive result is related to the fact that gain and loss
scale only linearly with the mode occupations, whereas
the rates for the intermode kinetics have a quadratic
dependence on the mode occupations. It implies that
the mechanism leading to a macroscopic (or large) oc-
cupation of one of the modes is the same as the one
that leads to the Bose-Einstein condensation of massive
bosons in contact with a thermal environment. This is
based on Bose-enhanced inter-mode kinetics (scattering)
described, e.g., in Ref. [41] on the basis of a rate equation
comprising the same terms as Ckin [Eq. (5)].
Even though the system consists of two levels only,
the notion of Bose condensation becomes sharp in the
limit P → ∞, where the occupation of mode l, given
by Eq. (29), approaches infinity, while that of mode h,
given by Eq. (30), remains below a finite value. Note that
also the number of excited emitters, given by Eq. (28),
remains at a finite value in this limit. This has the
important consequence that the occupation of the non-
condensed mode h is determined completely by the inter-
mode kinetics described by the rates Ri→j . In the limit
P →∞ it approaches
〈nˆh〉 ' s
exp(ε)− 1 , (31)
where ε is the parameter defined in Eq. (8). Thus, for
s = 1 the occupation of mode l precisely corresponds to
that of an excited state of energy εkBT in a Bose con-
densed system of massive bosons at temperature T . The
fact that the “excited-state” occupation 〈nˆh〉 (the deple-
tion) approaches a constant value for strong pumping, so
that increasing the number of photons (bosons) in the
system will only increase the condensate occupation, is
another clear analogy to equilibrium Bose condensation.
Irrespective of the value of s, for strong pumping the se-
lection of the coherent emission mode is a result of the
intermode kinetics.
V. PHOTON STATISTICS
In microlasers, where almost the entire spontaneous
emission goes into a single mode, no sharp intensity jump
is visible at the lasing threshold [5, 35]. Instead the tran-
sition to coherent emission is indicated in the autocorre-
lation [62] of the emitted photons [57, 63–68]. To con-
firm the coherence properties of the emitted photons, we
examine the photon statistics. The equal-time photon
correlation functions (1), which we can write like
g
(2)
ij =
{(〈nˆinˆi〉 − 〈nˆi〉)/〈nˆi〉2 if i = j
〈nˆinˆj〉/〈nˆi〉〈nˆj〉 if i 6= j , (32)
measure the occupation number fluctuations of each
mode and the crosscorrelation between the modes, re-
spectively. In Fig. 2 (b) and (c) experimental and theo-
retical results for g
(2)
ii and g
(2)
hl are depicted. The theoret-
ical values for g
(2)
ij are determined by a numerically exact
Monte-Carlo simulation of the full master equation (2).
As discussed above a change from g
(2)
hh = 2 to g
(2)
hh = 1
indicates the first threshold where the coherent emission
in mode h sets in, as can be seen clearly in Fig. 2. For
even stronger pumping, when entering or leaving phase
C, in which both modes are selected, we observe pro-
nounced anticorrelations between both modes (ghl < 1)
as well as superthermal intensity flucutations (gii > 2)
of that mode i that changes its state from non-selected
to selected or vice versa. Note that for our system pa-
rameters, phase C appears in a narrow interval of pump
powers only so that its properties are overshadowed by
those of the transitions BC and CD. As a result, the two
minima of the crosscorrelations occurring at the transi-
tions have merged to a single one.
In order to reproduce the measured superthermal in-
tensity fluctuations at the transitions BC and CD theo-
retically, we have to choose s < 1, corresponding to the
presence of intermode interactions. The best results are
obtained for the value s = 0, which we used also in the
simulations (the role of s will be discussed in more detail
below and in Appendix C).
We will now investigate the signatures of the mode
switching in the reduced two-mode photon distribution
ρnh,nl =
∑
N ρ
nh,nl
N , which gives the probability to find
the system in a state with nh and nl photons in mode h
and mode l, respectively. We compute this quantity by
solving either the full master equation (phases A and B)
or the reduced master equation for ρnh,nl (phases C and
D, see Appendix B for details). Results for four different
pump powers P , corresponding to the four phases A to
D, are depicted in Fig. 4. The corresponding single-mode
distributions ρnh =
∑
nl
ρnh,nl and ρnl are shown as well.
In the non-selected phase A the distribution possesses
a single maximum at n = (nh, nl) = (0, 0). The selec-
tion of mode h (phases B and C) is associated with a
maximum of the distribution at n = (nmaxh , 0) lying on
the vertical axis, whereas the selection of mode l (phases
C and D) with a maximum at n = (0, nmaxl ) lying on
the horizontal axis. Thus, in phase C where both modes
are selected, the distribution possesses two local maxima
that are separated by a saddle point [69]. The emergence
of the second maximum when entering phase C, is visi-
ble also in the occupation distribution of the mode that
starts emitting coherently, as can be seen in Fig. 5 show-
ing ρnl directly before and after the transition from B
to C. The build-up and later the presence of the sec-
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ond maximum in ρnl is accompanied by the strong (su-
perthermal) number fluctuations in this mode.
The impact of the effective parameter s is illustrated
in Fig. 6, where the two-mode distribution is shown for
s = 1 in phases B and C for the same parameters used
in the corresponding panels in Fig. 4. For s = 1 states
with zero occupation in one of the modes (situated along
the axes of the plot) are much less attractive than for
the value s = 0 considered before. As a striking con-
sequence, the selection of both modes in phase C is not
associated with two maxima in the distribution anymore,
but rather with a single central maximum. The transi-
tion from phase B to phase C now corresponds to the
shifting of the single maximum away from the horizontal
axis. As a result, for s = 1 the system does not show
the experimentally observed superthermal photon num-
ber fluctuations, as we discuss in more detail in Appendix
C. It is an interesting observation that neglecting or tak-
ing into account the spontaneous emission between the
modes has such a strong impact on the statistical proper-
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FIG. 6. Two-mode photon statistics obtained from the re-
duced master equation for the same parameters as in Fig. 4
B and C but with fully included spontaneous transitions be-
tween the modes. In contrast to the case with suppressed
spontaneous transitions, the statistics are no longer attracted
to the axis. The colorbar is the same as in Fig. 4. For a
better comparison the single-mode statistics are depicted up
to 0.015% in solid lines, while the remaining part is dashed.
ties of the modeled bimodal system. Note, however, that
despite this strong impact on the statistics, the mean oc-
cupations of the modes and the critical parameters for
the phase transition do not show a strong dependence
on s. This is also the result predicted by the asymptotic
theory presented in the previous section.
VI. CONCLUSION
In this paper we investigated the pump-power driven
mode switching in a bimodal microcavity. We presented
experimental results and their explanation in terms of
a transparent analytical theory. In particular we found
that the transition has to occur via an intermediate phase
where both modes are selected. Our theoretical descrip-
tion reveals, moreover, a close connection to the physics
of equilibrium Bose-Einstein condensation in quantum
gases of massive bosons. The mode switching can, there-
9fore, be viewed as a minimal instance of Bose-Einstein
condensation of photons and its demarcation to lasing.
We also investigated the statistical properties of the
system and pointed out that the mode switching is ac-
companied by superthermal intensity fluctuations as well
as anticorrelations between both modes. This observa-
tion can be technically relevant, since a device producing
a drastically increased occurrence rate of photon pairs
(with a very narrow linewidth [45]) could be used to en-
hance two-photon excitation process used in fluorescence
microscopy [70]. Furthermore a device that changes its
predominantly emitting mode in dependence of the injec-
tion current could be applied for optical memories and
other types of mode management [12, 71].
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Appendix A: Extracting system parameters from
the measured data
The asymptotic theory describes the generic form of
the mode switching and its analytic expressions can thus
be used to obtain the parameters of the master equa-
tion model. However, the theoretical parameters can-
not be related directly to experimental parameters due
to the unknown proportionality factor ai between the
intensity of the emitted light Ji and the occupation of
modes, 〈nˆi〉 = aiJi, and the unknown excitation effi-
ciency b of the pumping with respect to the injection
current, P = bI.
The main properties of the switching are captured by
the effective-gain ratio G which determines whether a
switching occurs and the extent of phase C, PCDPBC = G
−1
[see Eq. (27)]. This ratio can be obtained in the following
way: Apply first a linear fit for the intensities of the
selected modes i in each of the phases B, C, D,
Ji(I)|R = AiRI +BiR. (A1)
The ratio PCDPBC =
ICD
IBC
is then determined either by the in-
tersections of Jh|B(IBC) = Jh|C(IBC) and Jl|C(ICD) =
Jl|D(ICD) or via the points where the occupation of the
modes approach zero Jh|C(ICD) = 0 and Jl|C(IBC) = 0.
Both procedures give similar values for the effective-gain
ratio G via Eq. (27), namely 1.22 and 1.27, respectively.
Thus determining G does not require the knowledge of
the excitation efficiency b and the absolute number of
cavity photons via ai.
The parameters Ah→l, gh, gl, `h, `l, are extracted for
comparison between theory and experiment via the least
squares method for all experimental data with I < 80 µA
and are listed in the caption of Fig. 2. Since the time
scale in Eq. (2) does not affect steady state properties,
all parameters are measured in units of τ . The individ-
ual rates Rl→h and Rh→l do not affect the asymptotic
theory, only the rate asymmetry Al→h does [as discussed
above]. But the correlation function g
(2)
ll does depend on
the individual rates, so that Rl→h is chosen to reproduce
this correlation function.
In the experiment the orientation of a polarization fil-
ter is chosen parallel to the passive cavity modes at the
inversion point. Due to the interactions induced by the
common gain medium the polarization-resolved spectrum
exhibits a double peak structure, indicating that each po-
larization direction contains small portions of the other
mode [45]. To make numerical and experimental fluctu-
ations comparable we take into account that in each po-
larization a small fraction of the other mode is detected
by introducing the mixing
nmeash,l = (1− c)nh,l ± c nl,h, (A2)
where nmeash,l denotes the quantity that is measured. The
mode mixing prevents the experimental observed fluctu-
ations of the non-selected mode from increasing mono-
tonically in phase D [see Fig. 2(b)]. Comparing the the-
oretical results with the experimental data, we find the
optimal value of the mixing parameter to be very small,
c = 8 · 10−3. Its impact of the mixing is negligible in
phases A, B, and C. It is taken into account in the nu-
merical data presented in Figs. 2 and 8, where the index
‘meas’ is dropped.
Appendix B: Reduced density matrix
Under the (idealizing) assumption that all spontaneous
emission goes into the selected modes i.e. τ−1 = 0 and
β = 1 a reduced density matrix of the form ρnh,nl can
be derived. To derive the equation of motion for the
reduced density matrix we need to consider only the parts
of Eq. (2) describing the pump and the photon emission
into the cavity
d
dt
ρnN = +P
[
ρnN−1 − ρnN
]
+ [. . . ] (B1)
−
∑
i
gi[N(ni + 1)ρ
n
N − (N + 1)niρn−eiN+1 ].
Here and in the following equation [. . . ] stands for
terms that describe describe the loss of the individ-
ual modes as well as intermode transitions. When no
spontaneous emission is lost into non-selected modes
the carrier recombination and emission into the cavity
modes is faster than any other process so that the term
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FIG. 7. Comparison of 〈ni〉 and g(2)ij obtained from the nu-
merical exact Monte-Carlo simulation of Eq. (2) (solid lines)
with the ones obtained from the direct solution of the reduced
density matrix Eq. (B1) (dashed lines). Note that the pump
in the reduced density matrix is scaled to compensate that
β 6= 1.
∑
i giN(ni + 1)ρ
n
N can be substituted by Pρ
n
N−1. This
means that whenever an emitter is excited by the pump
its excitation is immediately emitted into the cavity, thus
the emission into the modes can be described directly by
PρnN−1 [35]. By the same reasoning or by simply shifting
the indices (ρn−eiN+1 ) one can find a substitute for all terms
in Eq. (2) that correspond to the photon emission. Now
we can trace over the emitter subspace (
∑
N ), resulting
in an equation of motion for the reduced density matrix,
d
dt
ρn = −Pρn +
∑
i
P giniρ
n−ei∑
j gj(nj + 1)− gi
+ [. . . ].
As argued above, the reduced density matrix approach
works under the assumption of β = 1. In our case
β ' 0.2, so only a fraction of the pump effectively cre-
ates photons in the cavity. To be able to compare the
reduced density matrix to the full model the pump power
is scaled accordingly. Figure 7 shows the results of the
Monte-Carlo simulations of the full equation compared
to the results obtained from numerical solution of the
reduced equation. The deviation of the reduced density
matrix approach for small pump rates is not a problem
since for low pump rates the full equation can still be
solved numerically exactly (as it is done for Fig. 4 A and
B). Importantly, the reduced equation reproduces the re-
sults in the regime of high pump rates, where the exact
solution for the full equation can no longer be obtained.
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FIG. 8. Calculated input-output characteristics and fluctua-
tion for both modes in the presence of spontaneous transitions
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ii ≤ 2. All parameters are chosen as in Fig. 2.
Appendix C: The role of spontaneous intermode
transitions
In this appendix we investigate the impact of the effec-
tive parameter s, which quantifies spontaneous intermode
transitions. Figure 8 shows the mode characteristics for
the case with full spontaneous transitions between the
modes (s = 1). In contrast to Fig. 2, the sharp kinks
in the occupations [panel (a)] and the cross correlation
[panel (c)] in phase C are less pronounced. However, the
most significant deviation appears in the photon autocor-
relations. For s = 1 the computed autocorrelation does
not reproduce the experimentally observed superthermal
fluctuations, g(2) ≤ 2.
This numerical observation can be backed analytically
using the following argument. In phase B and D the joint
distribution ρnN factorizes approximately into two parts,
one describing the non-selected mode i and the other one
describing the selected mode j and the emitters, ρnN ≈
ρniρ
nj
N . This statement is confirmed by the numerical
solution of the full master equation. Such a factorization
allows one, to trace out both the selected mode and the
emitters, to obtain an equation of motion for the photon
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number distribution of the non-selected mode:
d
dt
ρn = −〈Nˆ〉g[(n+ 1)ρn − nρn−1]
−`[nρn − (n+ 1)ρn+1]
−Rj→i〈nˆj〉
[
(n+ s)ρn − (n− 1 + s)ρn−1]
−Ri→j(〈nˆj〉+ s)
[
nρn − (n+ 1)ρn+1]. (C1)
Here, n denotes the photon number of the non-selected
mode, 〈nˆj〉, 〈Nˆ〉 the mean occupations of the selected
mode and the emitters respectively, Rj→i(Ri→j) the
transition rate from (to) the selected mode j to (from)
the non-selected mode, and g, ` the gain and loss rate
of the non selected mode. If spontaneous transitions are
fully included, s = 1, Eq. (C1) is solved by a distribu-
tion of the form ρn = (1 − α)αn, which always yields
g(2) = 2. This explains why we do not find superthermal
fluctuations for s = 1.
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